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Abstract 



Starting from metric of general nonextreme stationary axisymmetric black 
hole in four-dimensional spacetime, both statistical-mechanical and thermo- 
dynamical entropies are studied. First, by means of the "brick wall" model in 
which the Dirichlet condition is replaced by a scattering ansatz for the field 
functions at the horizon and with the Pauli-Villars regularization scheme, an 
expression for the statistical-mechanical entropy arising from the nonmini- 
mally coupled scalar fields is obtained. Then, by using the conical singularity 
method Mann and Solodukhin's result for the Kerr-Newman black hole (Phys. 
Rev. D54, 3932(1996)) is extended to the general stationary black hole and 
nonminimally coupled scalar fields. We last show by comparing the two re- 
sults that the statistical-mechanical entropy and one-loop correction to the 
thermodynamical entropy are equivalent for coupling ^ < 0. After renormal- 
ization, a relation between the two entropies is given. 
PACS numbers: 04.70.Dy, 04.62. -FV, 97.60.Lf. 
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I. INTRODUCTION 



There are two definitions of entropy of fields on tlie black hole exterior. One defi- 
nition is based on the covariant Euclidean formulation, another one is canonical. The 
thermodynamical entropy of a black hole is related to the covariant Euclidean free energy 
F^[g,[3\ = P~^W[g, P] Ijl]], where P is the inverse temperature. Function iy[5f,/3] is given 
on Euclidean manifolds with the period (3 in Euclidean time r. An alternative approach to 
calculate is the conical singularities method p[- [1^ . The statistical-mechanical entropy 
can be derived from the canonical formulation The corresponding free energy, can 
be defined in term of the one-particle spectrum. One of the ways to calculate is "brick 



wall" model (BWM) proposed by 't Hooft |12]. In the model, in order to eliminate diver- 
gence which appears due to the infinite growth of the density of states close to the horizon, 
't Hooft introduces a "brick wall" cutoff: a fixed boundary near the event horizon within the 
quantum field does not propagate and the Dirichlet boundary condition is imposed on the 
boundary. In order to get the correct ^ (coupling constant) dependence for the statistical- 
mechanical entropy and obtained the correspondence with the conical singularity method, 
Solodukhin introduced a scattering ansatz, i.e., the field function near the event horizon 
that describes scattering by the hole with some nontrivial change of phase. 

For ordinary thermodynamical systems it is well known that the thermodynamical and 
the statistical-mechanical entropies are exactly the same. For the black holes, the study 
of the two entropies has attracted much attention recently []T| [|T^- The study was 

motivated by attempts to explain the entropy of black holes as the statistical-mechanical 
entropy of quantum fields propagating near the event horizon. In Ref. Solodukhin 
demonstrated in the two-dimensional example that the thermodynamical entropy of a black 
hole coincides with its statistical-mechanical one. In Ref. |TE[ Solodukhin calculated the 
statistical-mechanical entropy for a scalar filed with nonminimally coupling in the four- 
dimensional static black hole spacetime and found that for < the result agrees with 
one-loop correction to the thermodynamical entropy 0. Frolov and Fursaev reviewed 
studies of the relation between the thermodynamic entropy and the statistical-mechanical 
entropy of black holes. They showed that the covariant Euclidean free energy F^ and the 
canonical free energy are equivalent when ones use the ultraviolet regularization for 
the general static black holes. 



Mann and Solodukhin expected in Ref. [11 1 that study of the two entropies for the 



stationary axisymmetric black hole should provide us with better understanding of the 
relationship between the different entropies. It is general opinion that the study of the 
quantum entropies for the stationary axisymmetric black hole in four-dimensional spacetime 
is an interesting topic and should be investigated deeply. Therefore, much effort has also 
been contributed the research in the last years [11] [^ [16[ [21|. Mann and Solodukhin [11 



studied thermodynamical entropy of the Kerr-Newman black hole due to a minimally coupled 
scalar field by using the conical singularities method. Cognola [^, through the Euclidean 
path integral and using a heat kernel and (^-function regularization scheme, studied the one- 
loop contribution to the entropy for a scalar field in the Kerr black hole (he pointed that the 
result is valid also for the Kerr-Newman black hole). Unfortunately, the result is in contrast 
with the corresponding one obtained by the conical singularities [Tl[ . 
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Recently, we [^] studied the statistical-mechanical entropy by using the BWM and 
with the Pauli-Villars regularization scheme. We showed that one-loop correction to the 
thermodynamical entropy and the statistical-mechanical entropy due to the scalar quantum 
fields are equivalent for the Kerr-Newman and the Einstein-Maxwell dilaton-axion black 
holes. However, at the moment the relation between two entropies for general nonextreme 
stationary axisymmetric black hole still remains open. The aim of this paper is to settle the 
question for nonextreme case. 

The paper is organized as follows: In Sec. II, by using the BWM [|13[ we deduce a 
formula of statistical entropy arising from nonminimally coupled scalar fields in the general 
nonextreme stationary axisymmetric black hole spacetime. In sec. Ill, by means of the 
conical singularities method we extend Mann and Solodukhin's result in Ref. to the 
nonminimally coupled scalar fields and the general stationary axisymmetric black hole. Two 
results are then compared and a summary is presented in last section. Some calculations 
are given in Appendices. 



II. STATISTICAL-MECHANICAL ENTROPY OF GENERAL 
NONEXTREME STATIONARY AXISYMMETRIC BLACK HOLES 



The metric for the general stationary axisymmetric black hole in Boyer-Lindquist coor- 
dinates can be expressed as 

ds^ = Qttdt^ + Qrrdr^ + gtipdtdip + geedO"^ + g^^^dip^, (2.1) 

where gu, grr, gt<p, gee and g^y, are functions of the coordinates r and 9 only. For the 
nonextreme case we have relations (see [^] for details) 

'gu-^] =Gi(r,^)(r-r^), (2.2) 

th), (2.3) 
grr [gu-^] = = -/(r, 6), (2.4) 

where th represents event horizon, Gi(r, 6), (r, 6) and /(r, 6) are regular functions on and 
outside the event horizon. 

We now try to find a general statistical-mechanical entropy expression for the space- 
time (|2.1| ). We first seek quantization condition by using the motion equation of the scalar 
field and introducing the scattering boundary condition, and then use the condition to 
calculate free energy. The statistical-mechanical entropy is obtained by the variation of the 
corresponding free energy with respect to the inverse Hawking temperature. 

Using the a WKB approximation with 

(f) = exp[—iEt + im(j) + iW{r, 6)] = exp[—iEt + im0]^/'(r, 6), (2.5) 



glA 


= Gi(r, 


0){ 
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= G'2(r, 


0){ 


gl^\ 


Gi(r 


0) 
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and substituting the metric ( |2.1|) into the motion equation of the scalar field with mass n 
and arbitrary coupled to the scalar curvature R 
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(2.6) 



/ grrg^^^ K{r,e)dr + c{e), 



We know from discussion in Ref. that the function W{r, 6) can be expressed as 
W{r,9) = ± 

where 

K{r,e) 



(2.7) 



gtp \ I 

gw J \9w gee 



(2.8) 



Then, the function '?/'(r, 9) in ( |2.5| ) is given by 

ipij-, 6) = exp 



grrgipip 



gttgtftf — gtif 



-K{r,9)dr 



+Aexp 



—I 



grrgipLp 



gttgipip — gtif 



-K{r,e)dr 



(2.9) 



where the constant A is to be determined with the boundary conditions. In Eq. ( p.9|) 
the amphtude is a slowly varying function and is omitted in writing. At the boundary E/j 
staying at a small distance h from the event horizon S, Solodukhin's scattering condition 
p!3| is shown by 



{n^d,<p-^kc^)\j:, = 0, 



(2.10) 



where n'^ is vector normal to and k is extrinsic curvature of E/^. For the stationary 
axisymmetric black hole (|2.1|) , after setting 



= (0,^/^,0,0), 



(2.11) 



we find the extrinsic curvature can be written as 133 

V fi'rr 



k 



'^grrgee{gttg,p^ — gtip) 



{gttgw - 9t 



2 ^ dgee 



dgw o ^9tv , ^9tt 

gttgee—;^ ^gtipgee—;^ r g<p<pgee-;^ 

or or or 



(2.12) 



on the boundary E/^ Eq. (|2.12|) reduces to 



d 



.2v^(».-|i)* 
From Eqs. {^J^ and (|2l0|) we have 



gtt - 



gtip 

9w, 



(2.13) 
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\ 



9tt 



9tu 



J d^lj{r, 9) 



dr 



(2.14) 



where ^* = ^ and /^jif is the Hawking inverse temperature. Making use of Eq. ( p^.l4D and 
another boundary condition = 0, for r = Te {te < ^vls, where ry^s is position of the 
velocity of the hght surface [|T6[ [0), after discussion as Solodukhin |13| we find following 
quantum condition 



-K{r, 0)dr = wq^K) + txu + 27m{E, m,pe, 



(2.15) 



with 



_,f 2K{h)C \ 



z/ = 2e 



We can separate n{E,m,pg,6) into two parts 

n{E,m,pg,6) = no{E,m,pg,6) + ni{E,m,pg,6). 



(2.16) 



(2.17) 



From Eqs. ( |2.15| ) and p.l6| ) we find that no{E,m,pg,6) and ni{E,m,p0,6) can be respec- 
tively expressed as 



noiE,m,pg) = - d6 

TT 



'9rr9iptp 



2 K{r,e)dr, 

r-H+h y gtt9ipip ~ 9 tip 



(2.18) 



ni{E,m,pg) 



— V 

2^ 



tan 



' 2K{h)C 

K{hY - 



TT 



d9. 



It is shown that no{E,m,p0,6) represents the original 't Hooft particles |[T3| 
ni{E,m,pQ,9) the scattering particles |T3| . 

For an ensemble of states of the scalar field, the free energy can be expressed as 



(2.19) 
H, and 



(3F = / dm / dpe / dn{E,m,pg)ln 



1 _ g-/3(B-f7om) 



no{E + Qom, m,pg) + ni{E + Qom, m,pg) 



dmJdpgJdniE + n,m,m,p,)ln{l-e' 
—(3 j dm j dpg J 



-I3E 



dE 



nQ{E)+ni{E) 



PFo + PF^ 



(2.20) 



with 
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no{E) = J dm J dpe J no{E + ^lQm,m,pe) 
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3^ 



de 



+ gtt 



9vv 1 \ 9ttgipip-g't^ 
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9tt9v^-9L 
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(2.21) 



ni(S) 



dm j dpQ J ni{E + Vt^m^m^po) 



gtt-^){i+ 'rT-y 



9tt9vv-9t,p 



(2.22) 



Taking the integration r of Eq. ( p.21 ) for Qq = Qh and focusing only on the divergent 
contribution at horizon, we find 



no{E) 



2 / E/3h 

3 \ 47r 
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where 



Sa^'^^'ain/ Idg'''' f 1 a^ee 
2 dr dr 2 (9r y^f^e c^?" 
1 dg^^^ " " ^ ^ ''^ 
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\ '^g^pip 
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K' = E'+ gu 
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9w , 
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(2.23) 



(2.24) 



(2.25) 



(2.26) 



Let use the Pauh-Villars regularization scheme |]T4| by introducing five regulator fields 
{4>i,i = 1,...,5} of different statistics with masses = 1,...,5} dependent on the UV 
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cutoff [T^ and with the same nonminimal couphng {^j = = 0, ...,5}. If we rewrite the 



original scalar field 



60 and n = Ho, then these fields satisfy Sf^gAj = and Ef^gAj/i^ 



0, where Aq = A3 = A4 = +1 for the commuting fields and Ai = A2 = A5 = —1 for the 
anticommuting fields. Since each of the fields makes a contribution to the free energy of Eq. 
( p.20| ), and the total free energy becomes 



(2.27) 



i=0 



Substituting Eqs. {^^, {^^, and { ^71^ into (PT7| ) and integrating over E we find 
1 Ph 



Fn = — 
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1 (3 
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3 9^"' (9 In/ 1(9/ 
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(2.28) 



i=0 



Fi = - 



4/3 



(2.29) 



i=0 



where Mf{rH, 9) = jif — {^^ — ^ R. The total entropy at the Hawking temperature ^ — ^ 
is given by 
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/3 fSH 



(2.30) 



Using the assumption that the scalar curvature at the horizon is much smaller than 
each /ij and noting that the area of the event horizon can be expressed as Aj] = 
J d(p J d6 |^5'6»e5'w} ' obtain following expression 
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5 
i=0 



(2.31) 



If we set ,^ = we known that Eq. (|2.31| ) gives result of the Ref. |^ 

The main aim of this paper is to seek the relation between the statistical-mechanical and 
the thermodynamical entropies. In order to do that, we will cast result ( |2.31| ) into another 
form. In appendix A we proved 
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(2.32) 



where Raa = T,l=i Rfiu^ri^, Rabab = Y^i^b=i R^lv\pn'inlnln1 are the projections of the 



curvature onto the subspace normal to the horizon surface and {n(^, a = 1,2} (see Eq. (|A1|) 
in Appendix A) are a pair of vectors orthogonal to the event horizon E. From ( p.32| ) we 
know that Eq. (g3T|) can be rewritten as 



S' 



SM 
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487r 



;i + 6|e|)EAi/x2/n/i^ + 
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(2.33) 



This is the expression of the statistical-mechanical entropy arising from the nonminimally 
coupled scalar fields in the four-dimensional nonextreme stationary axisymmetric black hole. 
It is of interest to note that Eq. ( p.33|) possesses same form as the corresponding result of 



the static black hole [13 



III. THERMODYNAMICAL ENTROPY OF THE NONEXTREME 
STATIONARY AXISYMMETRIC BLACK HOLES 



Mann and Solodukhin [|TT| showed that an Euclidean manifold which is obtained by 



Wick rotation of the Kerr-Newman geometry has a conical singularity. By using the conical 
singularities method they obtained the tree- level thermodynamical entropy S^^{Gb, c^) and 
its one-loop quantum corrections SjJ^ for the Kerr-Newman black hole due to minimally 
coupled scalar field. Which are respectively given by 



Stt 



4^ + f E ^M-^"< 



+ c| E Rf^uapri[ 

a,b=l 



(3.1) 
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where Gb,c^, (z = 1,2,3) represent bare constants (tree-level), K^^^ = — T^T^VqW^ is the 
extrinsic curvature, and K"^ = g'^'^K^^ is the trace of the extrinsic curvature |Tl|. We find 
that all terms which relate to the extrinsic curvature in result (|3.2|) are equal to zero if one 
insert the Kerr-Newman metric []TT| (or the Einstein-Maxwell dilaton-axion metric [^) into 
them. 

Now we proceed to extend the one-loop quantum correction ( |3.2| ) to nonminimally cou- 
pled scalar fields for the general nonextreme stationary axisymmetric black hole. 

In order to cast the metric (|2.1|) into Mann-Solodukhin's form we define a pair of 
vectors as follows 

K={1, 0, 0, n), k=iF, 0, 0, 1). (3.3) 

with 

p _ 9tip + ^g^p^p ^2 
9tt + ^9tv ' 



~ 9ttJgt^ - gttgw + attgeesin^e 

\l = . (3.5) 

gug^p^ - gi<p - gt^Jgt^ - gug^ + gttgeesin^9 



we find in the region Th < r < oo that F = asin^O and Vl = ^2"q2 for the Kerr and the 



Kerr-Newman black holes, and F = asiin?6 and VL = 2 n°i , 2 for the Einstein-Maxwell 
dilaton-axion black hole. In general , on the event horizon, (l(rj{) = = — ( — ) , where 

\9wJrij 

Qh is the angular velocity of the horizon. We can prove that K and K are a pair of the 
Killing vectors on the horizon. What we need in following is just the properties of the vectors 
K and K near the event horizon. 

The one forms dual to K and K are respectively given by 

uj=( 0, 0, I , 0, 0, ^ 1 • (3.6) 

Thus, the metric ( p.l|) can be written as 

ds"^ = [gtt + 2ngt^ + n'^gpp)uj^ + grrdr'^ + gee{de'^ + sin'^OCj'^) . (3.7) 

Euclideanize the metric by setting t = ir, Q = iQ, and F = iF, then the Euclidean vectors 
^ and the corresponding one-forms (|3.6| ) take the form 



K={1, 0, 0, -Q), K={F, 0, 0, 1). (3.8) 
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-, 0, 0, 



,1 + ^^ 
The metric ( |3?7| ) becomes 



1 + 



ijj 



Q 1 
, 0, 0, 



1 + QF 



1 + QF, 



ds^ = H{r, e) {r-fn) (dr - Fd^) ^ + 



1 



G2{r,e){r-fH) 



-dr' 



with 

H{r, 9){r — fu) 
It is useful to introduce a new variable 



gtt + 21]^fy + Vt^g^^ 
{l + (lFf 



up to term o(x^) the metric (|3.10|) can be expressed as 

1 



ds' 



G2ifH, 



with 



dsl, = dx^ + HifH,e)G2{r^,9)x^ ^^^ _ ^^.^^ ^^^^ 

)~,2 



(3.9) 



(3.10) 



(3.11) 



(3.12) 

dsl = gee (dO'^ + sin^OCj'^) , (3.13) 

Introducing new angle coordinate dx = ^\f^^{^^ ~ Eq. ( p.l2|) reads 

dsl^a = dx^ + a^x^dx^, (3.14) 
From Euclidean metric ( p.lO| ) we can define a pair of vectors orthogonal to the horizon 



< = (0, Jg^-, 0, 0), 



A* 



1 



gtt + 2ngtu, + ^'^g 



0, 0, 



gtt + 2VLgt^ + 9?g 



(3.15) 



0, 



:, 0, 



n, 



gtt + 2Vtgt^ + 9?g^^ F\l gtt + 2Vtgt^ + 9?g^^ 

, u, u, 



l + VlF 



i + nF 



(3.16) 



It is helpful to note that Eqs. ( ^l3D , ( CT ), (|3:T^ ), (|3J[5|) and (|3l6|) take the similar 
form as Eqs. (2.8), (2.9), (3.1), (Al,A2) and (A3, A4) in Ref. [|lTl, respectively. Therefore, 
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the discussions for the general nonextreme stationary black hole ( p.l|) is parallel with that 



for the Kerr-Newman black hole 11 



Following Solodukhin's and Mann and Solodukhin's ||TT| discussions, and employing 
the results obtained in Appendix B 



0, 



triK.K)] =(kI,K^) =0, (3.17) 

we obtain one-loop quantum correction to the thermodynamical entropy arising from the 
nonminimally coupled scalar field for the general nonextreme stationary axisymmetric black 
hole as follows 

2 

' R 



oTD 



A, 



1 1 

45T6"7r 7e 



^ Ri,,yn':n 



pi^"'a"'a 



2 E R,-^xp< 



In- 



L 



(3.18) 



a,fe=l 



The expressions ( p.l7|) and (|3.18|) has been backed to real values of the parameters t, Cl and 
F. It is of interest to note that for the general nonextreme stationary axisymmetric black 
hole the contributions of the quadratic combinations of the extrinsic curvature of the horizon 
to the entropy, as for the Kerr-Newman black hole 



11 



are zero when we define a pair of 
vectors orthogonal to the horizon S and dual to one-forms. Therefore, the logarithmically 
divergent part of the result ( |3.18D depends only on projections of the curvature onto subspace 
normal to the horizon as the static black hole does. 



IV. SUMMARY AND DISCUSSION 



Since the Pauli-Villars regularization scheme causes a factor — | in second part in the 
Eq. ( p.33|) , we know from above discussions that the statistical-mechanical entropy (p.33|) 



coincides with the one-loop quantum correction to thermodynamical entropy ( |3.18| ) for ^ < 
coupling. 

We now seek for relation between the statistical-mechanical entropy of quantum exci- 
tations of the stationary axisymmetric black hole and its thermodynamical entropy. We 
first renormalize the thermodynamical entropy by using standard approach ||^ [|I|. 
Combing the tree-level entropy ( |3.1| ) with one-loop correction ( p.l8| ) one find that the diver- 
gence can be absorbed in the renormalization of the coupling constants 

cL = 4-^(g-e) In-, 



^2 = J In 



— -1 - 

327r2 90 ^ e 
1 , L 



cL = 4-^-ln^. (4.1) 
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From Eqs. ( ^ISD and we have 




div 

A / 2 2 2 

^ °~ ^ ' cl^R + E ^M^^r^r + Cln E i?,..;3<n»f | . (4.2) 

a=l a, 6=1 



Since we considered the case that terms quadratic in curvature are preserved in the renor- 
mahzed action, the black hole entropy can be expressed as(see Refs. [Q) 



^^^(GB,4) = ^^^(GB,cy, (4.3) 
and the Bekenstein-Hawking entropy is 

= (4.4) 

Noting S"™ = S^^^ for ^ < 0, we obtain for ^ < the relation 

5^^(aen, 4J = 5^^(Gb, 4) + S'^, (4.5) 

which agrees the static black hole results shown in Refs. [|l4l |jlO| |^ p It is shown 
that the presence of the bare pure geometrical contribution S^^ {Gb, c^b) evidently excludes 
the possibility to identify S^^ {Gren.ci^n) '^ith S^'^'^ . 

In conclusion, on the one hand by means of the BWM in which the original Dirichlet 
condition was replaced by a scattering ansatz for the field functions at the event horizon 
and with the Pauli-Villars regularization scheme, the statistical-mechanical entropy arising 
from the nonminimally coupled scalar fields which rotate with the angular velocity VLq = 
in the general four-dimensional nonextreme stationary axisymmetric black hole space-time 
is studied. The result can be expressed as either Eq. ( p.31| ) or Eq. (|2.33|) . 



On the other hand by using the conical singularities method we extend Mann and Solo- 
dukhin's result for the Kerr-Newman black hole |ll|] to the general nonextreme stationary 



axisymmetric black hole and the nonminimally coupled scalar field. Nevertheless, we find 
that the logarithmically part in Eq. ( |3.18| ) depends only on projections of the curvature 
onto subspace normal to the horizon since the contributions of the quadratic combinations 
of the extrinsic curvature of the horizon are zero when we define a pair of vectors orthogonal 
to the event horizon S and dual to one-forms. 

By comparing the statistical-mechanical entropy (|2.33|) and the thermodynamical en- 



tropy (|3.18|) we show that, for the general nonextreme stationary axisymmetric black hole, 
the statistical mechanical entropy and the one-loop correction to the thermodynamic entropy 
are equivalent for the coupling ^ < 0. It is an interesting result that the entropies possesses 
the same form as static black hole does P] if we express the entropy with the projections of 
the curvature onto subspace normal to the horizon. 



Combing the tree-level entropy (|3.1|) with one-loop correction (|3.18|) , the divergence 



can be absorbed in the renormalization of the gravitational and coupling constants. After 
renormalized with standard scheme, a relation between the statistical-mechanical entropy 
of quantum excitations of the nonextreme stationary axisymmetric black hole and its ther- 
modynamical entropy for the case ^ < is obtained. The relation agrees the results for the 
static black hole and fills in the gaps mentioned in Ref. 0]. 
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APPENDIX A: PROJECTIONS OF THE CURVATURE ONTO 
THE SUBSPACE NORMAL TO THE HORIZON SURFACE 



From vectors (|3.3| ) , dual vectors (|3.6| ) and metric (|3?7|) , we can define a pair of ortlionor- 
mal vectors 



< = (0, v^, 0, 0), 
1 



n,. 



n,. 



-{gtt + 2Qgt^ + fi^^^^) 
1 



0, 



'9' 



-{gtt + 2Qgt^ + Q^g 



0, 0, 



0, 0, 



n 



-{gtt + 2Qgt^ + fl^g^^) 



F^-{gtt + 2ngt^ + n^g^^) 



(Al) 



(A2) 



After tediously calculation, the projections of the curvature onto the subspace normal to 
the horizon surface 



Rr, 



Rf^uU^K, Rabat = Rf^uXpKnln^n^^, 



a=l 



a=l 



can be expressed by using the metric as 



Raa{rH, 



2 / o \ 2 

9t<f / og^pip \ 



2gtip dg^^ dg 



3 dlnf dg" 



+ 



1 



'dg 



tip 



fgl^ dr dr fg 
1 dgeedg" 1 dg^^ 



dr 



2 dr dr 2geB dr dr 2g^^ dr dr 



1 dg^^dg"- 



Rabab{r H, 



1 
7 



^9tp ( dg^p 
2gl^ \ dr 



^Qtp dg^^ dg 



tip 



Eqs. (0) and yield 



dr 



g2^ 9r dr 
^dfdg" _ ^d'^g" 



2 dr dr 



Rnn{r Hi d) — 2Rmnmn{r H , ^) — 



1 dgg 



2 dr dr 



2 dr 



+ 



1 dg^A 


2gpp 


'A 


^9t^\ 


1 


9w dr J 


f 


dr 







(A3) 



(A4) 



(A5) 



(A6) 
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APPENDIX B: EXTRINSIC GEOMETRY OF THE HORIZON 



Using the vectors and defined by Eqs. ( [AID ^^'^ (^3) "^^ can introduce induced 
metric 

It^u = g^u - n^nl - nlnl. (Bl) 
The nonzero components of the induced metric are 

ltt = — -fg + : z 

g^pip ' 1 + ^i9t^+9vv^) 



^ UgwHg"{gw + gw^){-g'i^ + fg^a" - gw9t^^)) 
{-gtv + fg^g"' -'^gwgt'P^- g^^^y 

lee = gee, 

^ Ugl,Hr{g,, + g,,nf 
7w = + 7 7. ^ V-^- 



-gt^ + fg^a" - '^g^at^^ - gl^^ 

where H = [1 + 9vv{^-^) \ qj^^ _ _9t^^ With respect to the normal vectors nf,, (a = 

\ 9tt9vv-9t^J' 9vv ^ ^' ^ 

1,2) we define the extrinsic curvature /c°^ = — T^Tf^Von^. The nonzero components of the 
extrinsic curvature can be expressed as 

^1 _ ^^(^ty - fg^g'"" + g^gt^^y dg^^ 

2Pgl^H\g-^fl^ dr 

^(-^ty + fg^a"' - gw9t^^){g'iv - fgwd''"^ + fg^^g" + g^gt^p^) dgt^ 

Pgl^H\grrfl2 dr 

{gt^ - fg^g'''" + fg^Hg" + g^gt^^f 



+ 



X 



^ 2 rr^ , 2 '^^yy _ ^ %^ , f 2 ^ 



^1 _ ^(^fy - fg^g"' + gwgt^^)ifHg"' + ^t^^ + ^y^^^) 

~ 2Pg^^H\g^-f/^ dr 

_ ^{gty + g^^^){gt^ - fg^^g" + g^gty^) dgt^ 

2Pg^^H\g^-f/^ Or 

j-gtp + fg^a'''' - fg^Hg" - g^^gt^^)ifHg"' + gt^n + g^^vt^) dg 

2Pg^^H\g"y/^ dr 

{gt^ + g^^^){gt^ - fg^^g" + fg^Hg" + g^gt^^) 



tip 



+ 



^ / 2 rr^/ , 2 -^^^^ ^ %V , r 2 -9^" 
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PH^igrry/^ 
+{9t,p + 9,p<f^) 



Idg 



+ 



i9t<fi + g^f^) dg 



't(p 



2 dr {fHgrr + g,^Q + g^^n^) dr 




9^/-^ + f'-^IV'H\grrf/^' 



{-fHg'' Y'^(l{-gj^ + fg^^g^^ - g^^gt^Q) 



2fHg"{ 



X 



{9l^9 



~9t<p 



+ {{-fHgn''\9i^ - f9^^9'' + f9^^Hg^^ + g^^g^^n) 

rr df 



f9w9"' - '^9w9tv^ - 9L^^) 



de 



de 



) 



ytip de ^yf'pyt'p de ae ^ •> ^ w ae 



V9'^^Hgrr{-gf^ + fg^^grr - 2g^^g,^Q - gl^Q^) 



g^^{-fHg--fl\fHg-- + g^^n + g^^Q'') 
2fHgrr{gf^ - f g^^grr + 2g^^gt^n + gl^Q?) 

[-fHg^-'/^g,^ + g^^n) (gl^g''^ + gl 



. de 



dg 



tip 



dg, 



- 9 



2 Q^El^ I 



de 



+ f9l 



dg'' 



dip 
1 



de J 

'^9ip'p9t(p 



dghp 

de 



'^9wi-9t^ + f9vv9'''' - '^9w9tv^ - 9^<p^^) 



And the contravariant quantities are given by 

T^tt _ I „2 rr 



9r "^"^ 9r dr ^ dr dr 

- 2g,,9t,Hn^ - gl^n^^-^ - 2,,,,.,^(1 - H) - 2gl^n^ 

+ ^9l,Hn^ + fglf-^{l - Hf)l{2fgl,H\g-fl% 

Kr = [9%,9..ii9-% - 9lp9t,HV'% + 9W^%{1 - H) + g^H^ 

- f9,,9t,H^9-^ + 9,,9ln^ - f9l,Hg-n^ - g^^g^^Hn^^ 

- 9^^-^ - 9..91h'-^ - fgl^Hg-'-^ + fgl^H^^'-^ 

+ f9lSl^-^ - f9'Hn^)/{2fglH^{g-f% 
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dge. 
dr 



dr 
1^9^ 



- f9,,H\g-r-^ + 2glHn^-^ + g^^g^Cl^^-^ + 2g,,glHh 



dr 

^^dgu 



dr 
idg 



dr 



- 2fgl^Hg-n^^ - gl^Cl^^ - 2fg,,g,,H^g-^ - 2g,,g^^Hn 



^idg 



dgtip 



-n^9t<p 



dr 



^2% 



•02 



p\?.d9 



'tip 



dr 



+ f9..9^.H^%- + 2fgi,g,,Hn^ + fgl,^'^-£-)/{2fX,H\g-f'% 



-fHg^^fl\2gl^gl^g^^^J- - 2gl^glHg^^^ - fglM'f^ 



+ f9l^H{g 



de -^w^t<^"^ QQ 

^ + 2gl,gt.pg-h^J^ - 2gl^g^^Hg-Q% + 2g,^ 



rr^9w_ _ £ 

^ de ■'■ 

- (2 + H)fgl^g,^g"Q^ + 2gl^gi^n 



de 

J 9ipip9tip9 0/1 



de 

4 dgipip 

de 



f9<pip9tipHg' 



+ ^9ip^9lip^- 



de ""^^^"^ de 

.2 A2^fl'w _f„3 rrni^dgw 



de 



de 



- 2^w^J,^ + fglpgtpHg"'^^^'^ 



de 



de 



fgl^Hg^^^ 



dgt<p 



de 



„ o2^5V,of^2 ^2 ^y of„2 „2 f2„3 ^rr 



+ PglpHg^^ 



de 

^ + 2(1 -H)fgl^g,,n^ 

- fg^d'''' + g^p^gtv^ + g<p<pgt<f^ + gl^^^)), 



- 2jg^^gt^ii-^ — / g^^g 

xr 



de ' '''^'^^ de 

/{2fgeegl^H{g''f{gl 



[-fHgn"\ - 2g,,g^^Hg^"% + f gl^gt^H {g^YJ^ - 2gl^g^^g^^n% 



2gl^gl^Hg"-h^ + fgl^^g^^fn^ - 2gl^g,^g^^Ci'^ - 3fglHg 



rr dgifip 



+ 2f\,g,,Hig-r^-2gln^^ 

+ fgl,H{gn'n^-4g^^gln'^^-^ ' ^ .r.o2-^/^^ 



de 

'^^ + /(I - 3H)g^^glf^n^^^^ 



de 



de 



de 



I Of 2 rrr>2dg 

+ 2fg gt^g Q 



de 



+ fal^a''^'^ + ^fg^^glHg-^ 
•2 



de 

+ 2g^^gl^VL- 



QQ J^m^p ^ QQ J ' g0 ' -^VV^tp- QQ 

+ m.9t,Hg-h^ + igl^g^n^^ + 2gl^g,,h'^ - 2fg,,g^y'^ 



de 

.dg"-"- 



2fgl^gt^^ 



QQ ^W^W QQ J^ff^tip QQ 



de 



de 



de 

_rr\2 



+ fgLg""n- 



I ^2^2 ^ u^rr ^y r, r 2 „2 q'^W o -C „2 „2 TJf\'~'y , -c2 „3 „rr 

+ / g^p^gtipng — 2.}g^^g^^il 

>.dg"" r,_2 -2 A3^flW\] //of2^ 2 TT/„rr\2( 2 2 q 

~QQ~) iV'J geeg,p^n{g ) {-gt^-g^^^l 



QQ 

.2 2 P\2 
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The trace of the extrinsic curvature k"" = 9^'^kl'^y are 

~ 2Pgee9^^H^{9"T/^ [9ee9^^9t^9 -q^ - JK^ - ^) 9ee9^^{9 



^^0^ + 9099^^9 Q^-J (9 ) 



t<p-g^ - - ^^)9ee9w9t^9 -g^T ~ J 9909^^^ [9 ) -g^ 



+ /(I - m9ee9l,9-^'^ - 2,,<,.,1^^^ 



- 9009^^'^ - 2gee9^^9l^ + 2/(1 - 2H)geegl^gt^g-^ 



4^*.^^ + 2/(1 - 2H)geegU'n^-^ - ^9ee9%,9.,^'^-^ 

^4 n3'^9tip J. 2 2 ^9^^ f2„ „3 rr^9" , o/2„ „3 tj „rT^9 



rr 



^9eB9^J^ ^ + f9ee9u,^9t^^ - f 9999^^9"^ + 2/ 9ee9^^Hg' 



Qgrr _ Qgvr _ Qgi 

- p9ee9l^H'^9"^— + '^f9ee9l^9t^^^— + f9ee9L^^^ 



K' = 0. (B6) 

All quantities listed by Eqs. ( p3|) , ( p^) , (pSD, (|B5|) , and (|B6|) are equal to zero ( they are 
proportional to y/g^ near the event horizon) on the event horizon. Consequently, on the 
event horizon, we obtain 

K^K" = 0, 

tr{K.K) = K^^K^/ = 0. (B7) 

which show that the quadratic combinations of the extrinsic curvature are zero on the event 
horizon when we use the vectors The calculation for the Kerr- Newman and Einstein- 

Maxwell dilaton-axion black holes in Refs. [|ll|] supported the result. 
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